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Although gravitational actions diverge in asymptotically AdS spacetimes, boundary counterterms 
can be added in order to cancel out those divergences; such counterterms are known in general to 
third order in the Riemann tensor for the Einstein-Hilbert action. Considering foliations of AdS with 
an 5"" X H ~™ boundary, we discuss a simple algorithm which we use to generate counterterms up to 
sixth order in the Riemann tensor, for the Einstein-Hilbert, Gauss-Bonnet and third-order-Lovelock 
Lagrangians. We also comment on other theories such as F{R) gravity. 
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An important application of the AdS / CFT correspondence [1| has been the study of the thermodynamics of field 
fvj ■ theories using the tools of black hole thermodynamics. The combination of these two ideas means that one may 
calculate the free energy of a strongly coupled field theory by integrating the action of a gravitational theory on a 
suitable background. In particular, this has recently been used to calculate holographically the entanglement entropy 
of conformal field theories using black hole thermodynamics 045| ■ 
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These gravitational actions are understood to diverge in precisely the same way as their dual quantum field 
theories [6[. However, the regularization techniques which deal with these divergences are quite different than their 
field-theoretic counterpart. For example, in order to calculate the free energy associated with a black hole, one 
^^ \ typically evaluates the gravitational action then subtracts a divergent piece corresponding to a background which 
resembles this black hole spacetime. This technique, which goes by the name of background subtraction, can however 
be problematic because it is not always clear which background spacetime should be subtracted J] . Topological black 
^o holes [?>] are particularly problematic: for example, in the case of some hyperbolically-foliated black holes in AdS, it 

y—^ ' is unclear whether the background should be the hyperbolic foliation of AdS, which itself corresponds to a thermal 

, I \ state similar to the BTZ black hole, or an extremal black hole embedded in AdS, which has T = but is no longer 

^^ I AdS. Moreover, in the context of a gauge/gravity duality, one would expect to find a regulating scheme for gravity 
^-H \ which is closer to the one found in field theories, namely through the addition of counterterms. It is important to 
T-H . note that these counterterms are not in competition with the Gibbons-Hawking surface terms that one must add to 
L| ■ the action to ensure that the variational principle is well-defined: rather, it is the total action (bulk -f- boundary) 
• ^H which diverges, and the surface counterterm regularizes these divergences. 

X 

JH , The development of such counterterms began soon after the emergence of the AdS/CFT correspondence, ini- 
■ - - 1 tially through the calculation of stress-energy tensors and as a means of renormalizing correlation functions on the 
gravity side of the duality [^, |l3| , and soon after as a means of studying the thermodynamics of those topological 
black holes for which the background subtraction techniques failed [7|. Because this method is both physically 
well-motivated, through the AdS / CFT correspondence, and much simpler than other regularization techniques, it 
has become a standard tool in holographic calculations. In particular, it has been key to a number of recent results, 
such as the derivation of thermodynamic quantities for various types of Kerr-NUT/bolt-AdS spacetimes |ll| - KL5| and 
D-branes [lg| , as well as the study of linear dilaton gravity [131 • 

Through a connection with the trace anomaly in the boundary theory |18l . [l9|, an algorithm has been devel- 
oped [201 to compute these counterterms for asymptotically AdS spacetimes with an arbitrary foliation. This 
algorithm consists of an iterative procedure whereby the action is varied to yield the stress-energy tensor, which is 
itself used to find the term that must be added to the Lagrangian to cancel its divergences to the next order. This 
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new improved Lagrangian is then once again integrated and varied, yielding the next order of the energy-momentum 
tensor, and so on. 

Despite its validity, there are obvious drawbacks to this algorithm. Most importantly, although it allows one 
to easily calculate the first few counterterms, the higher-order terms have never been computed because of the 
rapidly increasing complexity of the algebra caused by the need to vary the action with counterterms, as pointed out 
in [Ij, [2^ . Most of these difficulties come from the generality with which the algorithm was developed: it applies to 
any foliation of AdS, including those with complicated boundary geometries, such that the boundary counterterms 
contain terms such as VIZ. 

A much more straightforward approach to find renormalizing counterterms consists of first choosing a specific 
foliation, based on the problem of interest, before finding the linear combination of surface curvature scalars 
which eliminate the divergences [20|. This is how, in practice, the method of counterterms is actually used. A 
drawback to this second technique is the limited range of applicability of its results: the counterterms found are no 
longer valid if the spacetime is foliated differently, and one must perform this tedious task anew for every new problem. 

We provide a middle-ground solution. In the spirit of AdS / CFT, one is often interested in boundary ge- 
ometries which arc conformally flat, such as R"^, S'^,H'^, S^"' x ff*^™ and so on. One may therefore look for a 
simpler algorithm that can yield counterterms valid for this restricted, yet still fairly large, interesting subset of 
boundaries. Our approach will embody the spirit of the second technique described earlier, which we will modify 
in such a way that the counterterms be valid for every foliation of AdS having one of the boundaries listed above. 
Restricting ourselves to those boundaries does not restrict the AdS spacetime itself: rather, it puts restrictions on 
the kind of conformal field theories our bulk spacetime can be dual to. These theories live on a cutoff surface which 
is very close to the boundary, but which may be highly curved and complicated if we so desire; our results are valid 
when the CFTs live on one of the geometries written above, which are by far the most popular in the literature. 
We ultimately provide, as a future reference, expressions for the counterterms up to sixth order in the Riemann tensor. 

The duality between, on one hand, central charges and couplings in the field theory and, on the other, pa- 
rameters in the gravitational theory has been explored through the trace anomaly il3,|l9|. In particular, one learns 
that General Relativity is only dual to those conformal field theories for which all the central charges are equal. 
This is simple to understand: GR does not have enough free parameters to account for the ratios between these 
charges. In order to probe a larger space of field theories, one must expand to more general theories of gravity 
which contain more free parameters, such as Lovelock theories. These additional central charges have recently been 
investigated holographically [2lj, [22[ and the compilation of a dictionary has begun |23l . \24 . [5J-[5^ , translating the 
couplings of this theory into those of the conformal field theory. Because the Lovelock Lagrangians contain terms of 
higher order in the Riemann tensor, the algorithm from [20] described earlier, while still applicable, becomes yet even 
more complicated than in the Einstein-Hilbert case, such that generic counterterms for Lovelock theories have yet 
to be calculated, as pointed out in ^25] . The simpler technique which we will use here will allow us to take on this issue. 

We begin in Section |TT] by describing the general form of the counterterms as well as the technique we will 
use to derive them. In Section IIIIl we will go through the derivation of these counterterms for the case of General 
Relativity, which will exemplify the use of the method, while in Section IIVI we will apply these ideas to Lovelock 
theories. Finally, we will provide a simple application of these counterterms by calculating the entanglement entropy 
of a spherical surface, following the construction of [3|, in section |Vl In Section IVTl we will discuss some of the 
consequences of these counterterms with regards to applications and thermodynamics in general, and comment on 
their geometric meaning. Appendix |X] contains some formulas for Lovelock gravity which are difficult or impossible 
to find in the literature, while in Appendix [B] we discuss a curious result whereby one may calculate a renormalized 
action starting only from a vanishing bulk action and no boundary counterterm. We comment on renormalizing bulk 
actions alone (with no boundary terms) in asymptotically AdS spacetimes, and discuss F{R) gravity, in Appendix [Cj 
and finally write the expressions for the counterterms in Appendix |D] 

II. FORM OF THE COUNTERTERMS 

The setup is as follows: we consider vacuum AdS with scale L and some UV cutoff boundary at a finite radius r. 
Then, we will look for surface counterterms on this boundary, built only from quantities intrinsic to the boundary, 
which will cancel out the divergences in the action when the limit r/L — ^ cx) is taken. This is done by expanding the 
action in powers of r and adding counterterms which cancel the positive powers of r order by order such that, at the 



end of the procedure, we are left with a finite action. 

Working in the vacuum of AdS may not seem particularly useful: we are generally interested in spacetimes 
which are asymptotically locally AdS but which are not AdS vacuum. However, these same counterterms that we will 
derive in the vacuum case will also cancel out the divergences that appear in other bulk spacetimes which asymptote 
to AdS with this same boundary 20] , as it is clear that these are all UV divergences with a universal form. Therefore, 
our goal is to find counterterms which renormalize gravitational actions in vacuum AdS. 

Motivated by our goal to study conformal field theories on conformally flat backgrounds, we will restrict our- 
selves to conformally fiat boundaries of the form S"^ x H'^~™, where H^^~™ corresponds to the hyperbolic hyperplane; 
such boundaries were also recently considered in lower-dimensional settings [2g| . More precisely, our bulk metric will 
take the form 

ds^ = -—^ + {r'+L^)dHJ_^ + r'dnl, (1) 

i + -j^ 

where dH^ and dfl'^ are the line elements for the unit-curvature hyperbolic hyperplane and sphere: 

dHj^_,^ = dui + sinh uidu2 + sinh ui sin U2du^ + sinh mi sin U2 sin U3du^ + ... 
dn^^ = del + sin^ Oidel + sin^ 01 sin^ 02del + sin^ Oi sin^ 02 sin^ 613^6'^ + . . . . 

The dual CFT lives on the r/L — > 00 boundary of this spacetime, which is conformally flat since the radii of S*™ 
and H'^~"^ agree in this limit. However, in order to calculate the counterterms, we need to perform an expansion in 
(r/L)~^; this forces {r/L) to remain a finite quantity throughout the calculations, meaning that the boundary metric 
will in effect be 

ds^ = (r2 + L^) dHl_^ -f r^dnl, . (3) 



Working with this family of foliations ([T|) will be extremely useful for two reasons. First, it will provide us 
with the additional equations we require in order to uniquely set coefficients in the counterterms. Indeed, these will 
be of the form 

let = / d'^xVh {ao,i + ai.iTl + a2,l7^^ + a2,27^°^7^a6 + •••}; (4) 

where TZatcd (in script notation) corresponds to the boundary Riemann tensor and hat is the induced metric at finite 
r. Our goal is to find the coefficients aij, which we do by expanding both this counterterm Q and the non-regulated 
bulk and boundary actions in powers of r, and matching the coefficients of r". Working with a single foliation, it is 
possible to uniquely set ao.i and ai.i. However, because the counterterm contains two terms of order TZ^, we need 
at least two independent equations to uniquely set the coefficients 0:2,1 and 012. 2- Each foliation (that is, each value 
of m) will provide us with one such equation, up to m o (d — m). Working with the generic foliation H'^"™' x S™ 
will therefore provide us with the ever-increasing number of independent equations we will need to uniquely set the 
higher-order coefficients. 

There is another important advantage to working with the family of metrics given by ([T]): by considering a 
single family of foliations characterized by an integer m, we can construct an extremely simple computational 
framework which can calculate any scalar quantity (built from either the extrinsic curvature or the boundary 
Riemann tensor) on the boundary, for any m. Indeed, because the boundary is the product of conformally fiat 
Einstein manifolds, the Weyl tensor vanishes on each part and we find, on either H'^~™' or S*™, that the Riemann 
tensor can be written in terms of the Ricci tensor: 

^Vd == —^ {ScT^bd - SalZbc) , (5) 

where p is the dimension of the submanifold (so either p — moip — d~ m). This will dramatically simplify 
the calculations since it implies that boundary scalars can be written as linear combinations of terms of the form 
Ti{R"K™)^ meaning the trace of the matrix multiplication of n Ricci tensors and m extrinsic curvatures. Writing 



{a, /?, 7, 6} as S"^ indices and {fi, v, p, a} as H "* indices, we can illustrate this idea by calculating 

= -^ [Trs{K)Tvs{n^) - TrsiKU^)] + — ^ [Tr^ (i^)Trff (7^2) - TMKn^)] , ^^^ 

771—1 d — 771— 1 

where the subscripts H and 5* mean that we're tracing only over the hyperbolic or spherical indices. 

The Ricci tensor on each submanifold is given by Rah — ± nij dab, where Rq and p are the radius and di- 

mansion of the submanifold and where we take the positive sign for the spherical submanifold and the negative for 
the hyperbolic one. Therefore, we can easily calculate, with x = L^/r^: 



X' 



(7) 
TrHiTl'^K") = —— — ^ \{-\r{d - m){d -m- 1)"] ; 



the total trace is simply defined as the sum of these two quantities: 

T^^iT^^K") - ^.^^^f ^^,. [(1 + a;)'^+''r77(771 - 1)« + (-l)'^(d - 777)(d - 771 - l)"^] . (8) 

Any contraction of an arbitrary number of boundary Riemann tensors and extrinsic curvatures, on our hypersurface 
of constant r, can be calculated using equations dS]) and d?]), which is quite extraordinary. This will be crucial when 
investigating Lovelock theories, whose Gibbons-Hawking- York terms involve incredibly complex contractions (see 
Appendix!^ of the extrinsic curvature and the Ricci and Riemann tensors. 

An important consequence of equation ([5]) is that the trace of an odd number of Ricci tensors is not independent of 
the other quantities to leading order in x. For example, we can write 

Tr(7^^) = -IT, — TT [(2rf - l)Tr(7^)Tr(7^2) - Tr(7^)^] . (9) 

a[d — 1) 

Hence, such terms will not appear in our counterterms. Note also that the counterterms which we will consider will 
be intrinsic quantities only: these correspond to the 6 = case of equation ([7]). However, terms with b ^ Q will appear 
in the surface terms (equivalent to the Gibbons-Hawking- York term for GR) of Lovelock theories. 

III. GENERAL RELATIVITY 

Let's begin with a detailed derivation of the counterterms for General Relativity as a preamble to the more complex 
Lovelock calculations in the following section. In Anti-deSitter space, the Einstein-Hilbert bulk action is given by 

/bulk - / d'^+'x^Td i'^^^T^A + A ^ (10) 



where the first term corresponds to the cosmological constant and L is the AdS curvature scale. Note that here and 
for the rest of the paper, we will drop the prefactor (IGttG)"^ for notational simplicity. 

The divergences that we are trying to remove come entirely from the asymptotic region of the spacetime [20|. 
As such, it suffices for us to consider counterterms which will renormalize the action for AdS spacetime itself; 
these same counterterms will then naturally also renormalize the action for asymptotically AdS spacetimes with an 
S''" X H'^~™ boundary. Using the fact that AdS is maximally symmetric, meaning Rabcd — jj {gacdbd — 9adgbc), and 
relating the integral over the bulk to the integral over the boundary, we calculate the bulk action 

-2d /■ .+1 ^ 

/bulk = —pT / " xyf-g 



L2 



2d f f r^\ 



.2 \ -1/2 



dr\l + —\ ir^ + L 



2 , t2\ 



L2-J - V^-lV V' --; ' (11) 

-2d 



d'^xVh I J—- dr 1 + — 



r'2 I 1 , , , 'i-"' / \ • T2 

^ -I I j,m (l ' '-^ ^ 2 ./ \ 1^ 



where hab corresponds to the induced metric on a hypersurface located at a finite value of r and a is the divergent 
integral over the unit m-sphere and (d — ?7T,)-hyperbolic hyperplane. Although writing the bulk action as a boundary 
integral in the above equation may seem peculiar, it will let us perform all our computations on the integrand alone 
without ever having to perform the boundary integral over J d'^xyh. 

For a manifold with boundary such as the one we are considering here, a surface term must be added to the 
action to ensure that its variational principle is well-defined. For the Einstein-Hilbert action, this boundary term is 
known as the Gibbons-Hawking- York term, which is simply Igur — "^ J d'^xy/hK; using equation (jS]), we can write this 
term explicitly as 



-^sur = / d'^xVh- 



Mi + ^) 



l + —]m + {d-m) 



(12) 



The total action is / = /bulk + ^sur from equations (|lip and (IT^ . Working order by order (in either x = L"^ /r^ or the 
Ricci tensor, which are of the same order), we look for the coefficients ai^j from equation (U) which ensure that the 
divergent part of the total action is canceled out by the counterterm for every value of m (that is: every foliation). To 
zeroth order, only one constant needs to be found — ao,i — such that we only need to consider one foliation, which 
will be TO = d for simplicity. Setting / = I^t and truncating to zeroth order in x yields 




(13) 



To first order, we once again only need to consider a single foliation, m = d, and our single equation is 

d{d-l) d{d-l) 



{d-2)L 



L2 



(14) 



obviously yielding 



ai,i 



d-2 



(15) 



To second order, we find our first non-trivial system of equations as we have two constants to solve for. Looking at 
the two foliations m = d and m ~ d — 1 leaves us with two independent equations and two constants to find: 



= d 



= d-l 



-d{d-l) 
4L(d-4) 
-{d-1) 



a2,i- 



d''{d-lf 



AL 



= Ct2.1' 



id- 



L4 
l)2(d-2)2 



^2,2- 



d{d-lf 



L4 



+ 0^2,2 



{d-l){d- 



Ict 



L4 



(16) 



yielding the solution 



-dL^ 



^2,1 



a2,2 



(rf-4)(d-2)2 

L3 



(d-4)(d-2)2 • 
Combining the above calculations and rewriting slightly leads to a counterterm up to order TZ^: 



d'^xVh 



2{d-l) 



L 



d-2 



n 



L^ 



(d-4)(d-2)2 



7^"''7^a& 



4(d-l 



-W 



(17) 



(18) 



this has previously been calculated in [23| and [3]- It is simple to keep going, however, and we can continue this 
procedure to arbitrary order; we provide the equation to sixth order in (jDll) . This counterterm can be subtracted 
from the gravitational action to yield a finite action in asymptotically AdS spacetimes with boundaries given by 



5™ X H'^ "^ , which are highly interesting choices in hght of the AdS / CFT correspondence. In other words, the 
foUowing action is finite: 

/GR.rcn = j d'+'x^^ (^^^^ ^ ^) ^ ^ ^'""^^ " ^''^ ' ^^^^ 

Because of the powers of r which are hidden inside vh, the countcrterm (JD1[) is really an expansion in r, with y/h'RJ' 
being of order r*^"^*. Therefore, the series should be truncated at order n, where d = 2n + 1, 2n + 2 0, [20|, to ensure 
that only the divergences get subtracted. For even d = 2m, this means that a finite term will be left over in the 
action; indeed, this term cannot be subtracted since its corresponding counterterm would have to be proportional to 
yhTZ"^ which, as can be seen in equation (ID1[) . is proportional to ,_"l and would therefore diverge. This finite term 
is the gravitational anomaly [20|. 

While the previously known results in the literature, which contained terms up to third order in the Rie- 
mann tensor, allowed one to study up to eight bulk dimensions, the counterterm we provide works in up to fourteen 
dimensions, and can easily be expanded to work in an arbitrary number of dimensions. This therefore provides much 
greater freedom in studying higher-dimensional field theories. 

IV. LOVELOCK GRAVITY 

A common application for the counterterm method is holography: the thermodynamics of asymptotically AdS 
spacetimes are dual to the thermodynamics of some field theory living on this boundary. However, this duality is 
greatly constrained by the fact that General Relativity is dual only to those conformal field theories where all the 
central charges are equal; this is essentially caused by the lack of free parameters. Although this is not a problem 
when working with two-dimensional conformal field theories, whose universality class is uniquely defined by a single 
central charge c, it becomes an important limiting factor when trying to study higher-dimensional field theories 
which may have multiple central charges. A more general theory of gravity, built from Lovelock Lagrangians [27[ 
(for a review of such Lagrangians, see Ch. 15 of ^28i]), can help with this issue as it provides additional parameters 
which can be dual to CFT couplings. In particular, the coupling in front of the Gauss-Bonnet term L2, described 
below, has recently been precisely linked to the ratio between the central charges of the dual higher-dimensional CFT 
p3, 24]. Although briefly studied in the case of four-dimensional Gauss-Bonnet gravity [30, |3l|, these counterterms 
are not known for Lovelock theories in d dimension [25|; therefore, we will follow the same steps as in the previous 
section to fill this gap in the literature. 

These Lovelock Lagrangians are the natural generalization of the Einstein-Hilbert Lagrangian to higher di- 
mensions. Indeed, just as the Einstein-Hilbert Lagrangian is the Euler density of a two-dimensional manifold, the 
TTith Lovelock Lagrangian Lm is the Euler density of a 2m-dimensional manifold. Thus, the quantity Lm vanishes 
in less than 2m dimensions, and is a total derivative in exactly 2m dimensions [32] since it is topological; in 
particular, this means that the only Lovelock Lagrangian which is not a total derivative in 4 dimensions is the m — 1 
Einstein-Hilbert term. Moreover, the m-th Lovelock Lagrangian is the unique scalar of order m in the Riemann 
tensor whose equations of motion are second order: they are specifically built so that the fourth-order terms cancel 
out. These Lagrangians are given by 



J^ — / ^ ^m^n 



cAiBiA2B2---A„,B^ nCiDi nC2D2 nC„^D„ 

"CiDiC2D2---C„,D„,-^AiBi^A2B2 ' ' ' ^A,„B„ 



(20) 



where 



S^fol^fn-tfnZ-S'c:Sol---St' (21) 

is the totally antisymmetric determinant tensor. In particular, the m = 1 cases leads to the Einstein-Hilbert 
Lagrangian Li = R, while L2 = R^ — ARabR""^ + Rabcd.R"''^'^'^ is the Gauss-Bonnet Lagrangian. Examples of Lovelock 
Lagrangians for larger values of to can be found in Appendix [X] 

Thanks to the simplicity of our method for finding counterterms, we are able to calculate them for any Love- 
lock theory, and to arbitrary order. The first step is calculating the bulk action 



/ 



/bulk,™ = / d'^+'xy^iL^, - 2A„0 . (22) 



As in the previous section, the fact that the bulk spacetime is maximally symmetric makes evaluating L^ a trivial 
matter. However, because the equations of motion from (P^ are now different than in the case of General Relativity, 
we need to find the cosmological constant A™ which ensures that the metric ([T]) is a solution. While varying the 
Lovelock Lagrangian in equation (j22p appears at first to be a daunting challenge, one finds a surprisingly simple result 
[33i] . In vacuum, the equations of motion can be written as 

= -Pa '^ Rebcd — -xgaeLm + ^Qae 

I (23) 

p ah cofca2f)2 Oat's •••am fern TjCld'i nCmdm 

^cd — '"■"cdc2d2C3d3--c„d„-"'a2b2 ' ' ' ^a,„6„ • 

After some algebra, one finds that this leads to 

ibuik = Lm - 2A = -^^^d{d - l){d - 2) • • • (d - 2m + 2); (24) 



In particular, we recover the result from the previous section, the prefactor in equation (jlip . for 7n ~ 1: Li — 2A : 
The bulk action is then simply given by /bulk == -^buik / d'^^^x^—g. 



-2d 
L2 • 



Just as a Gibbons-Hawking surface term must be added to the Einstein-Hilbert action to make the varia- 
tional principle well-defined, a surface countribution must be added to our Lovelock Lagrangian. The topological 
nature of these Lagrangians will help us find this term: in particular, the Lagrangians are closed and locally exact in 
d = 2™ dimensions. The Chern-Simons form Q is defined to embody this quality: given two connections Fi and r2, 
we have dimensions dQ(ri,r2) = Lm{^i) — Lm(r2)- Then, index theorems [29l |49| tell us that for a manifold with 
boundary, the Euler characteristic x niust be supplemented by a boundary contribution: x = /(-^m(r) + dQ(To, F)); 
pictorially, the dQ in this equation replaces the bulk Lagrangian L,„(F) with LmiTo) where Fq is the connection for 
a product metric having the same boundary. In common language, this Chern-Simons term Q can be written [12|, |3J| 

^™ - ^m "''^<^bib2-b2„,-i ^ai 1 2^a2a3 -^ ^02^03 ) I 2 -"a2™-2a2„-i ~ ^ ^a2^-2^a2^-i j ' l^^i 

the Einstein-Hilbert and Gauss-Bonnet surface terms are thus: 
Qi = 2Tt{K) 

Qi = 4Tr(7^)Tr(ii') - %^x{Kn) - -Tr(/s:)^ + \Tx{KyYx(K'^) - -Tr(i4:3), 

o o 

while larger surface terms can be found in Appendix [A] The Gibbons-Hawking-like surface term will be the 
dimensionally-extended version of Qm and will precisely cancel out normal derivatives of the metric on the boundary, 
thus ensuring that the variational principle is well defined. This has long been known for the m = 1 Einstein-Hilbert 
case, and has also been done in detail for the m = 2 Gauss-Bonnet term [46|. These boundary terms have in 
particular been used to find the Israel conditions [43] and Friedmann equations [i^ for Einstein-Gauss-Bonnet 
gravity. For a more in-depth discussion, we refer the reader to [32| and references therein. 

Upon using equation ([5]) to write these Qm explicitly as functions of a; = -t-, the total action is found by 
integrating the bulk action from equation ((24|). as was done for General Relativity in equation (fTTj) . and adding the 
boundary integral of Qm from equation (pS)) . Proceeding in precisely the same way as in Section Hill we solve linear 
equations to find the surface counterterm that we should add in order to make the action finite. As in the previous 
section, we find the counterterms up to sixth order for future reference: they are given in equations ()D2[) and (jD2p 
for second-order and third-order Lovelock gravity, respectively. 

In practice, one should combine many of the above counterterms. For example, in order to regularize an 
action with Einstein-Hilbert, Gauss-Bonnet and rn = 3 Lovelock terms, 

1= f[XiiR~ 2Ai) + X2{L2 - 2A2) + A3(i3 - 2A3)] + i [Xi{2K) + A2(Q2) + A3(Q3)] , (27) 

one must combine the counterterms from equation (jDip with those from equations (jD2p and (ID3p . These equations 
are the main results of this paper. As discussed at the end of Section IIIIl they can rcnormalizc the action in up to 
fourteen boundary dimensions. 



V. SIMPLE APPLICATION: ENTANGLEMENT ENTROPY 

Let us now demonstrate a practical implementation of these results to holographic calculations of entanglement 
entropy |5(]| - l52| . It has recently been shown 0] that the entanglement entropy for a spherical surface in a CFT is 
equal to the Wald entropy of the "topological black hole" consisting of the hyperbolic foliation of AdS4+i: 



<i»'-i^-0^^'' 



dr^ 



L2 



1 



'dHi 



(28) 



We will not go into the details of this construction, which can be found in \j\. Rather, our aim is to provide a simple 
example where the counterterms may be used. If we take our gravity action to be Einstein-Gauss-Bonnet: 



1 = 



1 
21^ 



d^Xy 



12 



L^f. 



R 



^fooL^ 



L, 



i/'^'"^ 



2K 



^JooL 



Qi 



(29) 



where /oo obeys 1 — /oo + A/^ — 0, then the entanglement entropy will be proportional to the central charge a of the 
CFT II which, using the standard AdS/CFT dictionary [H,!!!], can be written 



y\ (1-6A/00) 



(30) 



Using the counterterms calculated in the previous sections, we can present an alternate and elegant derivation of this 
result. Instead of directly computing the Wald entropy of the horizon, as is done in Q, we will compute the free energy 
T of the spacetime by integrating the action. In particular, this will reproduce the entropy result through S oc dJ- jdT . 



This free energy will necessarily diverge due to the large-r bound of integration, and the standard technique 
to deal with this — background subtraction — is ambiguous since our spacetime is already (a particular coordinate 
choice of) vacuum AdS. The introduction of counterterms allows us to deal with the large-r divergences and calculate 
the free energy: 
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d^a 
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d'^xvh 



6 L, 
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-n 



2 
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1 
2il 



-n 



d xvh 



2i^+%^Q, 



(31) 



(1 - 6A/00) U 
1%,R 



m. 



where H = J dH^ is the area of the hyperbolic slice. The second line in this expression corresponds to the counterterms 
from equations (jDip and (jD2p . These are truncated to order TZ because we are working with d = A for simplicity, and 
the constant term which they introduce was thrown out. Since the temperature T = l3~^ for the line element (j28p is 
given by [53| 



T: 



L 



r 
Z2 



5r T^ - 1 



2nR 



(32) 



we can calculate the entropy density: 



S/H 



dT 



2 
-a, 

TT 



(33) 



where we used equation (j30p . This result is in agreement with [3|. 



VI. DISCUSSION 



A popular motivation for studying renormalization counterterms in asymptotically AdS spacetimes is to understand 
the thermodynamics of their associated conformal field theories. Indeed, the action of a bulk theory of gravity evalu- 
ated on an asymptotically AdS background provides us, through the usual ideas of black hole thermodynamics, with 



the free energy of this spacetime. The AdS / CFT correspondence then hnks this free energy with that of a thermal 
vacuum of the dual field theory living on the boundary. Although this free energy — and its associated entropy — 
is generally divergent, the method of counterterms not only provides a consistent and mostly unambiguous way of 
calculating the renormalized bulk free energy, it does so in a way which is analogous to the counterterm renormaliza- 
tion technique used on the CFT side. Because our technique is easily applicable to any gravitational Lagrangian, as 
demonstrated by our application to Lovelock Lagrangians, a large number of conformal field theories can be studied in 
this manner. Indeed, previous work on counterterms has essentially focused on General Relativity and on the first two 
or three terms in the counterterm expansion; this not only limits the number of dimensions that the dual field theory 
may have, but also constrains us to look only at a small section of the space of field theories, where all central charges 
are equal. By generalizing to both higher-order counterterms and wider gravitational theories, we have lifted both 
of these constraints, at the very small cost of requiring the field theories to live on conformally fiat Einstein spacetimes. 

An important lesson, which was also pointed out in |20| , is that the renormalized action will see no contribution from 
surface terms at infinity, such as the Gibbons-Hawking- York surface term, because they are entirely canceled out by 
the renormalization procedure. This means that all the information contained in the renormalized action appears to 
be included in the bulk term alone. As we exemplify in Appendix|Bl this can even be true when the bulk term vanishes! 

In fact, the counterterm plays two roles: it cancels the boundary term at infinity and regularizes the volume 
integral. This can be seen by writing the bulk Lagrangian, in a stationary spherically symmetric background, as a 
total derivative, L{r) = drf{r), such that the action is: 



/ = / Ldr+ (bQ 

Jro J (34) 

^ f{r) - f{ro) + f Q . 

Then, up to a constant, the only contribution which will survive the renormalization process is /(?'o): that is, the 
entire non-trivial contribution to the free energy will come from the horizon. This is caused by the divergent nature 
of /(r) and f Q, both of which being evaluated at infinity, and the counterterm's role will be to cancel them out up 
to some constant. 

This means that the boundary terms of the non-renormalized theory are not required in order to find the 
renormalized action. In that spirit, we will provide an expression for counterterms which regularize bulk Lagrangians 
in asymptotically AdS spacetimes in Appendix [C] allowing one to renormalize theories of gravity for which surface 
terms are not usually used, such as F{R) gravity. Moreover, this point of view is particularly insightful in that it can 
shed some light on some alternate counterterms which have been proposed in an effort to understand the geometric 
meaning of counterterms. In particular, it has been noticed [12] that in 2n dimensions, another possible counterterm 
for either Einstein-Hilbert or Lovelock gravity (without Gibbons-Hawking surface terms) is the Chern-Simons 
form (5„, with a proportionality constant depending on the theory which we are investigating. One should note, 
however, that unlike the counterterms we present here, Qn depends on quantities extrinsic to the boundary. In 
four-dimensional General Relativity, the following action is finite for some value of a: 

R+-^j+aiQ2. (35) 

It seems very surprising that the surface term for m = 2 Lovelock gravity, Q2, somehow knows enough about the 
Einstein-Hilbert action to cancel its divergences. However, it turns out that this is merely a regularization of the 
volume integral. Indeed, because the Euler number in four dimensions is % = / L2 + § Q2, then the regularizing 
term § Q2 in equation (j35|) is merely, up to a constant (x), the volume integral of the Gauss-Bonnet Lagrangian 
L2. However, since both R — ^-P and L2 — j^ are constants in AdS, then the above action (|55|) can be written 

Iren = J {jj — ctjj) + Q^x, which diverges unless a = —4—; this value of a is also found in [12|. Thus, Q2 regularizes 
the action in pure AdS. No issues will arise when we extend the discussion to asymptotically AdS spacetimes with, 
say, a black hole in the center, since we've seen that all the divergences come from the boundary. Through a 
Fefferman- Graham expansion, [35|, |3a] shows that this is indeed the case. 

Because the counterterms are essentially a series in '^j^r'^~'^\ one may find, depending on whether the di- 
mensionality is even or odd, a finite counterterm. This introduces an inherent ambiguity as to whether this finite 
term should be added, as initially pointed out in [13, llfll- This problem is akin to the fact that one may add a 
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constant term to the action without affecting the equations of motion. However, adding this constant term would 
affect both the free energy and energy density, emphasizing once more that these are only useful as relative quantities. 

As we showed in section |Vl these counterterms let us calculate the renormalized free energy without having 
to worry about the usual ambiguity of background subtraction. This allowed us to calculate the entropy density for 
a hyperbolic black hole with inverse temperature /? = 2TrR. This quantity has previously been shown to be equal to 
the entanglement entropy for a spherical entangling surface [3| and is proportional to the A-type central charge of 
the boundary theory. 



The counterterms that we find in equations (IDip . (|D2I) and (|D3|) apply to the boundaries of asymptotically 
conformally flat AdS spaces which are among the most interesting in the context of AdS / CFT. Counterterms were 
previously known to third order in General Relativity, which only renormalize the action in up to 8 dimensions; by 
including the counterterms to sixth order, the action remains finite in up to 14 dimensions. Moreover, the Lovelock 
theories of gravity which we considered are dual to richer families of conformal field theories than pure General 
Relativity. 
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Appendix A: Lovelock Theory 

The Lovelock Lagrangian L,„ consists of the Euler density for a compact 2TO-dimensional manifold as well as its 
corresponding Chern-Simons surface term Qm |12l |3J| which yields the boundary contribution to the Euler number 
for a manifold with boundary. Although the action can be succinctly written as S* = J L„i + ^ Q„i with L„i and 
Qm given by equations (PH)) and (|25p . these definitions involve the totally antisymmetric tensor (5^^^^"j°^'" which we 
must expand in order to perform actual computations. As this can be a tedious exercise in practice, especially for the 
surface term, the expressions for Lovelock Lagrangians past the Gauss-Bonnet term {m — 2) are extremely difficult 
to find in the literature. We therefore provide some of these here for convenience. The bulk terms are 



Li^R 

L2 ^ R ~ ARabR 

T r?3 1 o D Da& D I o r? Tjahcd TD i i f; oa^ d c td i O/I E?^^ obd r? O/l Z?^^ Z? cde td 

L^ — K — iZKK Uab + OKK rCabcd + tOit K^ Ubc + ^4ii; K Uabcd — ^4ii; K^ Ubcde 

I o T^abcd D de/ r? o j^abcd r? e / r? 

+ ^-fl nabn Kcdef — on K^ ^■' Ubfde 



(Al) 



while the surface terms are 
Qi=2K 



4 



Q3 = GKTZ^ - 24X7^'""7^„„ + 6KTZ""'P''n^„pg - 24X""7^7^„„ + 48X'""7^P,7^„p + 48X'""7^P«7^™„p, 
- 24if X""ifP«7^„p„, + 48if ""iiTP X«7^p, + 48if ""XP,X'?'^7^„gp, + ^if ^ _ i2X™"X„„if 3 



(A2) 



24if ""iiTP X„pX2 + 18A-X""if„„XP9ifp, - 36KK"'^KP^K?,Kpg 



24i^""i^„„ifP«if;7^,, + —K'-'-'-Kl^KlKlK.r 
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Appendix B: A curiosity: renormalized action from a vanishing bulk action 



As discussed in the last paragraph of Section IVIl a somewhat surprising consequence of these renormalization 
techniques is that the free energy appears to be entirely determined by the bulk Lagrangian. Although formulated 



differently, this was noticed by Padmanabhan [37| while studying the thermodynamics of black holes. Because it shines 
some light on our discussion, we shall recap some of his arguments. Consider a stationary spherically symmetric black 
hole whose line element is given by 

ds' - -fir)dt^ + -—+dX\ (Bl) 

f(r) 

where X corresponds to the transverse coordinates which we will drop for the remainder of this discussion. Then, the 
Ricci scalar can be written as a total derivative: 

R = ^lf{r) - ^dr (r(l - /)) . (B2) 

The (Euclidean) action is now integrated over the exterior region of the spacetime, from the location of the horizon 
ro up to some large radius r: 

I^^ f dr [-driver) + 29,(r(l - /))] 



-fre„ F{r) 

where F{r) is a function of the large radius r and will be renormalized away. Although we did not explicitly add a 
surface term to our action, one can imagine that F{r) could account for it. If we denote the period of the Euclidean 
time by /3 = TT^ ' then the above expression relates the Euclidean action to the free energy through Iren = S — f3E 

where S" = ^ is the entropy and E = y j^ is the energy. While interesting, this is all now quite well understood. 

An important observation, however, is rarely stressed. Consider now the Schwarzschild black hole, which cor- 
responds to /(r) = 1 — ^^. Because the Ricci scalar vanishes, the typical calculation for the renormalized Euclidean 
action is very different than the one given above: we write I — 2 § K over the boundary, and subtract the flat-space 
contribution /q — 2 ^ Ko to find the finite action I — Iq — AttAI'^. On the other hand, if we tried to use the above, 
more general, technique, we would find that the Ricci scalar vanishes because it is the total derivative of a constant... 
Yet, following through with the outlined steps, we would recover once more the correct finite action Iren = 47rAf^. 
Thus, we are led to a curious result: even when the bulk action vanishes, it can still contain all the information of 
the renormalized action. 

An astute eye will notice an ambiguity: because the Ricci scalar is the total derivative of a constant, then 
we can choose that constant to be anything, and not necessarily this AttM'^. This ambiguity actually lets us modify 
the entropy as we can add a term that depends on M to the term in square brackets in ()B3|) (provided we also 
subtract that same term from F(r), but that gets thrown out according to the procedure); this is obviously nonsense. 
The counterterm technique provides an elegant solution to this puzzle by properly defining what is meant by 
"throwing away" the function F(r) in equation (jB3l) (that is: how much of F{r) comes from the boundary at infinity, 
which should be removed, and how much of F(r) comes from a constant that we've added, which should be kept so 
that the entropy remains unchanged). With this strategy, equation (jB3p could actually be written 



I = X ["-ofi^o) -2ro + C]+^ [r'f'ir) - 2r + C] + 2 j^ K - i^^ [r'fir) - 2r] + 2 j^ K 



F{r) 



(B4) 



-^[rlrir,)-2ro] 



where the arbitrary constant C no longer plagues the final result. By the underbrace denoting Id, we really mean 
that let is an expansion in boundary quantities which is equal to the term above the underbrace; the actual form 
of let would need to be derived through the non- vanishing off-shell bulk action (which will not be vanishing). The 
counterterms might therefore provide a procedure for extracting the renormalized action from the bulk action even 
when it vanishes, and without having to introduce boundary terms. 
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Appendix C: Regularizing the bulk action alone 



In light of our discussion and the previous appendix, it is clear that the ideas presented in this paper can be applied 
to gravitational theories for which we do not generally know the Gibbons-Hawking- York equivalent boundary term. 
Indeed, as previously noted, the contribution from this boundary term to the action would have been entirely canceled 
out by our counterterm. One example of gravitational theories where surface terms are not generally used are F{R) 
theories of gravity (see [33, [33| for modern reviews), where the bulk action is some function of the Ricci scalar: 



/ = 



/■ 



(d+l 



-gF{R) . 



(CI) 



Although these theories are plagued by a number of difficulties, such as an ill-defined initial- value problem, they have 
received a considerable amount of interest in the literature, particularly in cosmology where one goal is to find a 
function F{R) which could replace dark energy [40, |411; moreover, they are equivalent to scalar-tensor theories of 
gravity [2g|. Recently, some of the attention has shifted to studying F{R) gravity in terms of the gauge / gravity 
duality, where the aim [i^, |4j] is to understand which holographic features of gravity (such as calculation of various 
types of entropies, the existence of Cardy's c-theorem, etc) are specific to Einstein-Hilbert or Lovelock Lagrangians, 
and which are more universal. We therefore provide a simple expression for the counterterm, to fourth order, valid 
for the family of bulk metrics defined in equation ([1]) : 



let = F 



-d{d + l) 



L2 



d^xVhi^ 



L3 



L^ 



M 



d 2{d-2){d-l)d 
7^2 



4(d-l) 



+ 



2{d-A){d-2Y{d~l)d 

I^ 

A{d - 6)(d - 4)(d - 2)3(d - 1)2^2 

L9 

8(d - 8)(d - 6)(d - 4)(d - 2)4(d - Ifd 



m'^'^'Rab 



( - 160 + 160d - lOd^ - 5^3 



(20480 - 48384d + 28672^2 _ 5528^^ -h 210d^ -K 35d^) - 



7^4 



Ti" 



4(d-l) 



16(d- 1)2^2 

(2560 - 8608d -I- 11352^^ - 5798d^ -f 1229^"^ - 105d^ 



n'^W'^Rab 



2(d- 1)2^2 



( - 440 + ii4rf + iid^)nin\n'jn'i. 



(40 - 7M + lbd^)'R'R'''"Rab 



(C2) 



Setting F{x) — 1, this provides a regularization counterterm for the volume of asymptotically AdS spacetimes. 
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Appendix D: Expressions for the counterterms 

The counterterm for General Relativity, derived in Section Hill is: 



i^.J^'^vrJ?^ 
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L^ 



(d-2) (d-4)(d-2)2 
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(Dl) 
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The counterterms for m = 2 and m = 3 Lovefock theories, derived in Section ITVl are given by 
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